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Abstract. Let A be a finite-dimensional associative algebra and 
4> a symmetric linear function on A. In this note, we will show that 
the pseudotrace maps defined in [6] are obtained as special cases of 
well-known symmetric linear functions on the endomorphism rings 
of projective modules. We also prove that modules are interlocked 
with <ft if and only if they are projective. As an application of our 
approach, we will give proofs of several propositions and theorems 
in [6] for an arbitrary finite-dimensional associative algebra. 



In this note, we work on an algebraically closed field k of character- 
istic 0. Let A be a finite-dimensional associative k-algebra. A linear 
function (ft on A is said to be symmetric if cj)(ab) = <p(ba) for all a,b G A. 
We denote the space of symmetric linear functions on A by SLF(A). 



In [B], Miyamoto introduces a notion of a pseudotrace map on a basic 
symmetric k-algebra P in order to construct pseudotrace functions of 
logarithmic modules of vertex operator algebras satisfying some finite- 
ness condition called ^-condition. Let be a symmetric linear func- 
tion on P which induces a nondegenerate bilinear form P x P — > k. 
Then the pseudotrace map tr^ is a symmetric linear function on the 
endomorphism ring of a finite-dimensional right P-module W called 
interlocked with <fi. As it is implicitly mentioned in [6J and it is proved 
in this note, a finite-dimensional right P-module which is interlocked 
with <p is in fact a direct sum of indecomposable projective modules. 

For an arbitrary finite-dimensional k-algebra A, a finitely generated 
projective right A-module W has an A-coordinate system ofW, that is, 
{«i}f = i C W and {aj}™ =1 C Rom A (W, A) such that w = Y^ V i=i u i a i( w ) 
for all w G W (see For any symmetric linear function <fi on A, we 
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can define a symmetric linear function on EncUfW) by 



n 



i=l 



for all a G End^W 7 ) (c.f. |3J). In this note, we show that the symmetric 
linear function tr^ coincides with the pseudotrace map when A = P 
and (f> induces a nondegenerate symmetric associative bilinear form on 
P. We also prove that a right P-module W is interlocked with <p if and 
only if W is projective. Then we can prove several propositions and 
theorems in [6] for arbitrary finite- dimensional h-algebras. 

This note is organized as follows. In section 2, we recall a construc- 
tion of a symmetric linear function on the endomorphism ring of 
finitely generated projective modules W from a symmetric linear func- 
tion on A. In section 3, we assume that P is indecomposable, basic 
and symmetric and G SLF(P) satisfies some conditions (see section 
3). We recall a notion of a right P-module W which is interlocked with 
<f> and a notion of a pseudotrace map tr^ defined in [6] . We show that 
W is interlocked with <fr if and only if W is projective. By using this 
fact, for any indecomposable projective module W, we define <pw and 
show that <pw coincides with tr^. In section 4 and 5, we prove several 
propositions and theorems for pseudotrace maps in [6] by using (f>w for 
arbitrary finite-dimensional k-algebras. 

2. Projective modules and symmetric linear functions 

Let A be a finite-dimensional associative k-algebra. We denote a left 
(resp. right) A- module M by (resp. Ma). 

In this section, we recall a notion of a symmetric linear function 
on the endomorphism ring of a finitely generated projective right A- 
module (c.f. [3]). 

Assume that Wa is finitely generated. Then Wa is projective if and 
only if there exist subsets {mj}™ =1 C Wa and {«i}™ =1 C Hohi^Wa, ^4) 
such that 



for all w G Wa (see [2], chapter II, §2.6, Proposition 12). The set 
{ui, «j}™ =1 is called an A-coordinate system of Wa- 

Assume that Wa is finitely generated and projective. Let {ui, «i}" =1 
be an A-coordinate system of Wa- Then we define a map 



n 




i=l 



T WA :End A (WA)^A/[A,A], 
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by ex i — y Ti (Y^i=i a i ° a ( u i)) where 7r : A — > A/ [A, A] is the canonical 
surjection (c.f. [5], [8]). It is known that the map T Wa does not depend 
on the choice of A-coordinate systems and that T WA (ao(3) = T WA ((3oa) 
for all a,pe End A (W A ) (see [5], [8j). For G SLF(A), we set 0^ = 
o 2V A : EndA(Wyi) —> k. Then we have the following. 

Proposition 2.1. ^sswme that Wa is finitely generated and projec- 
tive and let be a symmetric linear function on A. Then <pw A i s a 
symmetric linear function on End^W 7 a) ■ 

3. Miyamoto's psedotrace maps 

In this section, we show that the map <fiw A coincides with the pseu- 
dotrace map defined in [6] if A satisfies extra conditions. 

First we recall the definition of a pseudotrace map. Let P be a basic 
symmetric indecomposable k- algebra and assume that G SLF(P) 
induces a nondegenerate symmetric associative bilinear form ( , ) : 
P x P — > k. We fix a decomposition of the unity 1 by mutually 
orthogonal primitive idempotents: 

1 = ei + e 2 H h e k . 

We further assume that 0(ej) = for all 1 < % < k. Note that we have 
P/J(P) = kei © • • • © kefc since P is basic and indecomposable. It is 
well-known that {ejP|l < % < k} is the complete list of indecomposable 
projective right P-modules. 

Since a G Soc(Pp) if and only if aJ(P) = we see that 

(aJ(P), P) = (J(P), a) = (P, J(P)a) = 0. 

The same argument for Soc(pP) shows Soc(Pp) = Soc(pP). Thus 
Soc(Pp) = Soc(pP) is a two-sided ideal and we denote it by Soc(P). 
Then we have (aJ(P), P) = (a, J(P)) for any a G P. This identity 
shows that Soc(P) = J(P) ± . Similarly we have J(P) = Soc(P)- 1 . Thus 
the bilinear form ( , ) induces a nondegenerate pairing ( , ) : Soc(P) x 
P/J(P) — > k. Let {/i, / 2 , . . . , fk} be a basis of Soc(P) which are dual 
to the basis {ei, e 2 , . . . , e k } of P/J(P), that is, (/*, e^} = (/j, e^) = 5% 
for 1 < i, j < k. 

Lemma 3.1. Cifj = fjCi = Sijfj for all 1 < i, j < k. 
Proof. Note that Cifj G Soc(P). Thus we have 

(ei/j, ejfc) = Sik{fj,ek) = SikSkj 

so that Cifj = Sijfj. □ 

Lemma 3.2. Soc(P) C J(P), in particular, eiSoc(P)ej C eiJ(P)ej 
for all 1 <i,j <k. 



4 Y. ARIKE 

Proof. Since P = © i=1 -Pe.j, we see that Soc(P) = ® i=1 Soc(Pej). 
Then J(P)ej is the unique maximal submodule of Pe;. Suppose that 
Soc(Pej) is not contained in J(P). We have Pe^ = Soc(Pej) + J(P)e; 
since J{P)ei is the unique maximal submodule of Pe^. Then we con- 
clude Soc(Pej) = Pei by Nakayama's lemma. Therefore we can see 
6i E Soc(Pej). By the same argument for P = ©f =1 e^P, we obtain 
ej G Soc(ejP). Thus we find J(P)ej = e;J(P) = 0, which shows that e, 
is a central idempotent of P. This contradicts to the assumption that 
P is indecomposable. □ 

Since P = $^ i=1 ke^ + J(P), we have by Lemma [37T1 

= | ke i^' J(p)e -' !=* (3.D 

and 

e i Soc(P)e j = <j"' 1 ' (3.2) 




Set dij = dim k J(P)ej/ejSoc(P)ej for all 1 < i, j < k. Then since the 
pairing 

( , ) : e i J( y P)ej/e i Soc(P)ejXejJ(P)ei/ejSoc(P)e i — > k 

is well-defined and nondegenerate, it follows that = dji for all 1 < 

i,j < k. 

Also since e i Soc(P)e :) - C ejJ(P)e,,- C eiPej, (13.11) and (13. 2p . we have 
dinik CiPci = da + 2 and dinik e^Pe,,- = for z 7^ j by (13. ip and (13. 2p . 

Lemma 3.3 ([6], Lemma 3.2). The algebra P has a basis 

satisfying 

(1) pft = a, p%. +1 = ft, 

(2) e lP ^e 3 =p^, 

(3) (^,pt+i-*> = MiA*, 

(4) pyy d ; 4+1 _ fl = /<, 

(5) i/ie space spanned by {pl J \t > s} is eiPei-invariant. 
For 1 < i,j ' < k, set 

ni = { P y\i<j<k,s}, a, {//'.s>, 

Note that 0^ is a basis of e,P for any 1 < % < k and Q — {ex, . . . , e^} is 
a basis of J{P). We sometimes denote an element of Qij by p* J . 
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Definition 3.4 (|6J, Definition 3.6). Assume that Wp is finitely gen- 
erated. The module Wp is said to be interlocked with <fi if ker(/j) = 
{w G W\wfi = 0} is equal to J2 P en-{ei} W p for all 1 < i < k. 

It is obvious that ker(/j) D S pe n-{ej W p since pfc = for any p G 
Q — {ei}. In j6], the pseudotrace map is defined on the endomorphism 
ring of a finite-dimensional right P-module which is interlocked with 
cf). The isomorphism stated in [61 p. 68] is more precisely understood as 
follows. 

Theorem 3.5. Assume that Wp is finitely generated. Then Wp is 
interlocked with cf) if and only if Wp is projective. In particular, if 
Wp is interlocked with then the multiplicity of the indecomposable 
projective module CiP in Wp is given by dim^Wpfi for 1 < i < k. 

In order to prove this theorem, we first show the following lemmas. 

Lemma 3.6. Any indecomposable projective module eiP for 1 < i < k 
is interlocked with 0. 

Proof. For Cip G ejP, suppose Cipfi = and express p as p = ^2 p&n a p p 
with a p G k. Then = e { pfi = e { J2 pen a p pft = a e Ji. Thus p belongs 
to the space spanned by Q — {e,}, which shows G J2 P £n-{ ei } e i^P- 
For i 7^ j, we can see eipfj = a ej eifj = for all p G P. Thus we 
have ker(fj) C e { P = E pe n-{e,} e i p P- D 

Lemma 3.7. The module Wp is interlocked with if and only if any 
direct summand of Wp is interlocked with 0. 

Proof. Suppose that Wp = W\ © W 2 where W\ and W2 are right P- 
modules. Then we have 

j2 w P = ( £ w lP )®{ Yl w *p)- ( 3 - 3 ) 

pefl-{ei} p£Q-{ei} pefl-{ei} 

If Wp is interlocked with and wfi = for w G Wi, we see w G 
J2 P en-{ei} W\p by (13.31) . Similarly W 2 is interlocked with 0. 

Conversely, suppose that W\ and W2 are interlocked with and 
(wi + w 2 )fi = for w\ G Wi and w 2 G W 2 . Then we have W\fi = 
and w 2 fi = 0, which shows that w± + w 2 G J2 p en-{ ei } Wp ^ (13. 3p . 
Therefore we conclude that Wp is interlocked with 0. □ 

Lemma 3.8. Assume that Wp is interlocked with 0. Then 

Wei/WJ(P)ei = Wf u wel ^ wfi 

for any 1 < i < k. 
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Proof. The kernel of the map Wei — > Wfi, wei i-> wfi is equal to 
^ P Ga-{ ei } Wpei = WJ(P)ei since Wp is interlocked with 0. □ 

Proof of Theorem \3.5\ By Lemma [3761 and Lemma [3771 any finite direct 
sum of indecomposable projective modules is interlocked with <fi. 

Conversely, suppose that Wp is interlocked with (p. By Lemma I3.8[ 
there exists v £i such that v ei fi ^ if dimk Wfi ^ 0. Then the map 

9 : CiP -> W, tip i-> u e *ejp, 

is a P-homomorphism. Suppose ker(6>) ^ 0. Note that Soc(ejP) = k/j 
by Lemma 13711 Since ejP has the unique simple submodule Soc(ejP) 
(see [U Proposition 9.9 (ii)]) we have fi G ker(#) and v £l fi = 0. This is 
a contradiction. Thus 9 is injective. 

Since P is a symmetric algebra, any projective module is also injec- 
tive (see [H Proposition 9.9 (iii)]). Therefore 9 is split and then e^P is 
a direct summand of W, say, W = e,iP®W . By Lemma 13751 W' is also 
interlocked with and dimk W'fi = dim^ Wfi — 1 since dim^ e^Pfi = 1. 
If ypy; = for all 1 < % < k, then wf t = for all w G W and 1 < z < jfe. 
Thus we have 

w =n ( e ^) =^( p )- 

i=i \pen-{ e< } / 

By Nakayama's lemma, we have W = 0. 

Therefore the induction on dinik Wfi proves the theorem. In par- 
ticular, the multiplicity of e^P in W is equal to dim k Wfi for all 
1 < % < k. □ 

Assume that Wp is finitely generated and projective. Then Wp is 
isomorphic to a finite direct sum of indecomposable projective modules: 

k 

Wp^QmeiP, (3.4) 

i=i 

where n.j is the multiplicity of e^P, that is, rij = dim k VF/j. We denote 
the element of Wp corresponding to e, by for 1 < i < k and 1 < j < 
rii. Note that Wp has a basis \yjp \ p G Oj, 1 < z < A;, 1 < j < nj}. 

Since a(t>j l ) = a(fj"ej) = a{y^)ei G W^e; for a G Endp(iyp) and 
Lemma 15731 (b), we have 

k n s 

«W = EE E ( 3 - 5 ) 
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for 1 < % < k and I < j < rii where a p t G k. In [6], the pseudotrace 
map tr^- p on Endp(Wp) is defined by 

k rii 
i=l j=l 

In order to show that the pseudotrace map coincides with <fiw P , we 
choose the following P-coordinate system of Wp. Note that 4>w P does 
not depend on the choice of P-coordinate systems. 

Set 



P ip , i = s, j = t, 
0, otherwise, 



for 1 < i < k and 1 < j < rii. Then aij belongs to Horcip(Wp, P) for 
1 < i < k and 1 < j < n^. 

Lemma 3.9. The set {Vj\a l j | 1 < % < k, 1 < j ' < n{\ is a P- 

coordinate system ofWp. 

Proof. By the definitions of v and a*, we have Vj i p ip = Vj i oij(Vj i p ip ) = 

Y^=i Ylt=i v t 3a t( v j i P ip )- Since the elements p ip form a basis of Wp, 
we have shown the lemma. □ 

Theorem 3.10. Assume that Wp is finitely generated and projective. 
Then (p Wp = tr^ p . 

Proof. For a G Endp(Wp) , one has 

(k rii x 
^2^2 a) oa(vf) 
i=l j=l 

k rii ris 

EEEE 

K i, s =i j=i t=i P si en s 

k rii 

= EE E 

= EE4 

since (13. 5p and Lemma 13.31 ([3]) . □ 
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4. The center and symmetric linear functions 

In this section, we assume that the finite-dimensional k-algebra A 
contains a nonzero central element v such that [y — r) s A = and 
(y — r) s ~ 1 A 7^ for some r £ k and s £ Z>o- 

Set JC = {a £ A \ {y — r)a = 0}. Note that JC is a two-sided ideal of 
A. Let a : — > A^^ be an A- module homomorphism. Then M/MJC 
is an A/JC- module and the map a : M/MJC — >■ N/NfC defined by 
a(m) = a(m) is an A/JC- module homomorphism where m is the image 
of m under the canonical map M — > M/MJC. Assume that Wa is 
finitely generated and projective and let {ui, a«}" =1 be an A-coordinate 
system of Wa- Then {Mj,aj}" =1 is an A/ZC-coordinate system of the 
right A//C-module W/WJC. 

Let be a symmetric linear function on A. Then 0'(a) = (j){{y — r)a) 
for any a £ A/JC is well-defined and symmetric on A/JC. 

Proposition 4.1 (c.f. [6], Proposition 3.8). Assume that Wa is finitely 
generated and projective. Let <fi be a symmetric linear function on A. 



(j)w A (a o(u-r)) = cj)' wjWK (a) 

for all a £ End^W 7 ^) where v — r is identified as an element of 
End A (W A ). 

Proof. Let {ui, «i}™ =1 be an A-coordinate system of Wa- Then we have 



Then 




<f) WA (ao(v-r)). 



□ 



5. Basic algebras and symmetric linear functions 



Let 




(5.1) 



i=i j=i 
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be a decomposition of the unity 1 by mutually orthogonal primitive 
idempotents where e^A = e^A and e^A ^ euA for i ^ k. Set e^ = en 
for 1 < i < n and e = YH=i e i- Then k- algebra eAe with the unity e is 
called a basic algebra associated with A. Then Ae is (A, ey4e)-bimodule. 
Let £ : A — > End e A e (Ae e A e ) and r : eAe — > End^f^Ae) be maps defined 
by £(a)(be) = abe for all a,b £ A and r(eae)(6e) = beae for all a, b G A. 

Lemma 5.1 (PQ, Proposition 4.15, Theorem 17.8). (1) T/ie mapr 
is an anti-isomorphism of algebras. 
(2) T/ie map i is an isomorphism of algebras 

By Lemma 15.11 an element a 6 4 is identified as an element in 
End e A e {Ae) and an element eae G eAe is identified as an element in 
End A (Ae). 

Remark 5.2. By Lemma [5.11 we have two linear maps 

(-) A e eAe : SLF(eAe) SLF(A), R A A e : SLF(A) SLF((eAe) op ). 

Since SLF(eAe) = SLF((eAe) op ), the second map is in fact a map 
SLF(A) SLF(eAe). 

By fl5.ll) . we have 

n ni 

^e = 00 eii Ae. (5.2) 

i=l j=l 

The following fact is well-known. 

Lemma 5.3. Let e and f be idempotents of A. Then the following 
assertions are equivalent. 

(1) Ae Af. 

(2) eA - /A. 

(3) There exist p G eAf and q G /Ae such that pq = e and qp = f . 

Lemma 5.4. For 1 < % < n and 1 < j < rii, we have CiAe = eijAe as 
right eAe-modules. 

Proof. By Lemma [5.31 and the fact e^A = e^A, there exist pij G e^Aei 
and qij G CiAe^ such that Pijtftj = e^ and gijPij = e%. Then the maps 
a : e^Ae —> CiAe defined by a^e^-ae) = g^-ae and (3 : e,Ae — >■ e^/le 
defined by /3(ejOe) = p^ae are eAe-homomorphisms and are inverse 
each other. Thus we have shown the lemma. □ 

For any ae G Ae, it is not difficult to check that ae = YH=i a i( a ) e i 
where «j(a) = ae{. Thus {ej,aj}™ =1 is an A-coordinate system of aAc. 

By the proof of Lemma 15. 1[ we can see that CijAe e A e is generated 
by Pij £ e%jAei such that Pijqij = e^ and qijPij = ej for some q i3 - G 
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eiAeij. Note that we can choose pu = qn = en = e^. For any ae G 
Ae, we set /3y(ea) = q^ae G eAe for all 1 < i < n and 1 < j < 
rii. Then we have (3^ G B.om e A e (Ae, eAe) and Yli=i Y^ n j=iPijfiij(. ae ) = 
x eij(ae) — ae by fl5.ip. Thus {pjj, < i < n, 1 < j < n^} 
is an eAe-coordinate system of Ae e A e - In the following, we fix the v4- 
coordinate system {e i; aj}™ =1 of A v4e and the eAe-coordinate system 
{Pij^ijll <i<n, 1 < j < rii} of Ae eAe . 

Lemma 5.5. (1) Let <fi be a symmetric linear function on A. Then 
0A-4e(eae) = (p(eae) for all eae G eAe. 
(2) Let ip be a symmetric linear function on eAe. Then ipAe eAe ( a ) = 
^(Er=i YJjLi Qij a Pij) for all ae A. 

Proof. Since <f) AAe {eae) = Y^=i ( l ) ( a i( e i eae )) = YH=i 4>( e i ae i) and 4> is 
symmetric, we obtain (p(eiAej) = ${ejeiAef) = for i ^ j, which shows 
the first assertion. 

The second assertion is proved as follows: 

n rii n rii 

i=l j=l i=l j=l 

□ 

Theorem 5.6. (1) Let be a symmetric linear function on A. 
Then {<p A Ae) Ae eA M) = 4>( a ) for all a G A. 

(2) Let ip be a symmetric linear function on eAe. Then we have 
(^Ae eAe ) A Ae{eae) = tp(eae) for all eae G eAe. 

(3) The space of symmetric linear functions on A and the one of 
eAe are isomorphic as vector spaces. 

Proof. By Lemma [5.51 we have 

n rii n rii 

{<P A Ae)Ae eA M) = 0) AAeC^Yl -^Pij) = S *i a P«) 

i=l j=l i=l j=l 

n rii n rii 

i=l j=l i=l j=l 

which shows ([I]). 

By Lemma |5.5[ we have 

n rii 

(^Ae eAe ) A Ae(eae) = ij AeeAe (eae) = i'C^^qijeaepij) 

i=i j=i 

= ^(eae), 

since q a = p ix = e*. 
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Hence we can see that two linear maps (— ) A Ae '■ SLF(A) — > SLF(eAe) 
and (— )Ae eAe : SLF(ev4e) — > SLF(v4) are inverse each other, which 
shows the last assertion. □ 

Remark 5.7. The statement (CQ) of Theorem [5J3 for a G Soc(A) is found 
in [6j Lemma 3.9]. The statement ([3]) of Theorem 15.61 is well-known 
(see [3 6.1]). 

For <p G SLF(A), we set Rad(» = {a G A \ <p{Aa) = 0}. Then 
Rad(0) is a two-sided ideal of A and <ft induces a symmetric linear 
function on A / Rad(0) . Note that v4/Rad(0) is a symmetric algebra 
since <fi is well-defined on Aj Rad(0) and induces a nondegenerate sym- 
metric associative bilinear form on v4/Rad(0). 

Let A = A\ © A 2 © • ■ ■ © Ai be a decomposition into two-sided ideals 
of A. For any <p G SLF(A), we have <fi = <fti + 02 + • ■ • + <fie where 
4>i = 0U r Note that 4>i £ SLF(yLJ. If 0(av4) = for some a G A, then 
we can see that <pi(aAi) C 0(aA) = 0. 

Theorem 5.8. Let <fi be a symmetric linear function on A and v a 
central element of A. Assume that <f>{{f — r) s a) = for any a £ A 
and that A = A\ © A 2 © • • • © Ag is a decomposition of A into two- 
sided ideals. Then there exist symmetric linear functions 0j G SLF(Aj), 
basic symmetric algebras Pi of Bi = A/Ra.d(4>i) and (A, P^-bimodules 
Mi satisfying [y — r) s Mi = 0. Moreover, 

i 

i=l 

for all b G A where b in the right hand side is viewed as a linear map 
defined by the left action ofb G A on each (A, Pi)-bimodule Mi. 

Proof. Set Bi = A/ Rad(0j). Since Rad(0j) D Aj for j ^ i, we can see 
that Bi = Ai/ Rad(0j). We first note that the symmetric linear function 
(pi on Bi is well-defined and that Bi is naturally a left A-module. Let 
Pi = e.i(A/ Rad(^j))ej be the basic algebra of Aj Rad(0j) where is an 
idempotent of Bi. The basic algebra Pi is a symmetric algebra by [7J 
10.1]. Then we set Mj = (A/ Rad(0j))ej which is an (A, Pj)-bimodule. 
By the argument before the statement of this theorem, we can see that 
[y — r) s G Rad(0j) and thus [y — r) s Mi = 0. Note that the left action 
of a G A defines a right Pj-module endomorphism of Mi. By Lemma 

EH we have = &(b) = {(</>i) Bi M i )(M i ) P .{l>) = (O^a/J^p, 0) for 
all b G Ai, which shows the theorem. □ 

Remark 5.9. This theorem is found in P, Theorem 3.10]. In the proof 
of (6j Theorem 3.10], it is shown that a symmetric linear function on 
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A may be written as a sum of pseudotrace maps even if A is indecom- 
posable by using the fact (<fi A Ae) Ae eAe ( a ) = <K a ) f° r an a e Soc(v4) (see 
[6j Lemma 3.9]) in our notation. However, since (4> A Ae)Ae eAe ( a ) = 4>{. a ) 
for all a G A, any symmetric linear function can be written by only 
one symmetric linear function on the endomorphism ring of the (A, P)- 
bimodule if A is indecomposable. 
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